Abstract. We prove that if a smooth variety with non-positive canonical class can be embedded into a weighted projective space of dimension n as a well formed complete intersection and it is not an intersection with a linear cone therein, then the weights of the weighted projective space do not exceed n + 1. Based on this bound we classify all smooth Fano complete intersections of dimensions 4 and 5, and compute their invariants.
Introduction
Fano varieties are one of the important classes of algebraic varieties, both from birational and biregular points of view. It is known that smooth Fano varieties of a given dimension are bounded, see [KMM92, Theorem 0.2], so that one can hope for their explicit classification (actually this is known also for ε-log terminal Fano varieties, see [Bi16] , but in this case any kind of explicit classification is hardly possible even in dimension 3). The only smooth Fano curve is P 1 . Smooth Fano varieties of dimension 2 are known as del Pezzo surfaces, and they were classified long ago. Smooth Fano threefolds were classified by V. Iskovskikh (see [Is77] , [Is78] , or [IP99, §12] ), and S. Mori and S. Mukai (see, [MM82] and [Mu88] ). The most important and hard part of this classification concerns Fano varieties with Picard rank 1. In dimension 3 such varieties (at least if they are general in the corresponding deformation family) appear to be either complete intersections in a weighted projective space, or zero loci of sections of homogeneous vector bundles on Grassmannians. In dimensions 4 and higher no complete classification is known, and at the moment no reasonable approach to the problem is yet in sight. Still there are partial classification results, including the list of all smooth Fano fourfolds of index at least 2 or Picard rank greater than one and Fano varieties of high coindex (see [Fu80] , [Fu81] , [Fu84] , [Mu84] , [Wi87] , [Mu89] , [Wi90] ), smooth Fano fourfolds that are zero loci of sections of homogeneous vector bundles on Grassmannians (see [Kü95] , [Kü97, §4] , [Ku16] ), smooth Fano fourfolds that are weighted complete intersections (see [Kü97, Proposition 2.2.1]), and some other sporadic results (see [Kü97, §3] ). The purpose of this paper is to study smooth Fano weighted complete intersections, and give effective numerical bounds that allow to classify them.
To be able to classify weighted complete intersections of a given dimension satisfying some nice properties, one needs an effective bound on the corresponding discrete parameters. In [CCC11, Theorem 1.3] such bound was obtained for codimension of a quasi-smooth (see Definition 2.4 below) weighted complete intersection. In [Ch15, Theorem 1.3] the degrees were bounded in terms of canonical volume and discrepancies.
We will be interested in the case of smooth Fano varieties that can be described as complete intersections in weighted projective spaces. Also, we will deal with the case when our weighted complete intersection is Fano or Calabi-Yau. In both cases by adjunction formula it is actually enough to bound the weights of the corresponding weighted projective space.
Let P = P(a 0 , . . . , a n ) be a weighted projective space, and X ⊂ P be a weighted complete intersection of multidegree (d 1 , . . . , d c ) for some c 0. We will usually assume that X is not an intersection with a linear cone, i.e. one has d j = a i for all i and j, cf. Remark 2.8. Finally, it is convenient to assume that X is well formed, see Definition 2.3 and Theorem 2.9 below.
The main result of this paper is the following.
Theorem 1.1. Let X ⊂ P(a 0 , . . . , a n ), n 2, be a smooth well formed weighted complete intersection of multidegree (d 1 , . . . , d c ). Suppose that X is not an intersection with a linear cone. If X is Fano, then for every 0 i n one has a i n, and for every 1 j c one has d j n(n + 1). Similarly, if X is Calabi-Yau, then for every 0 i n one has a i n + 1, and for every 1 j c one has d j (n + 1)
2 .
To prove Theorem 1.1 we use the following approach. Exploiting smoothness assumption, we write down a bunch of necessary conditions on the parameters a i and d j , which appear to be inequalities (sometimes involving products of weights or degrees). On the other hand, Fano or Calabi-Yau condition implies an inequality between the sums of a i and d j . Then we treat all these inequalities as if a i and d j were arbitrary real numbers, and solve the corresponding optimization problem using the standard down-to-earth method of Lagrange multipliers.
The bounds given by Theorem 1.1 are sharp for an infinite set of dimensions, see Remark 3.2 below.
Using Theorem 1.1, we will give a classification of weighted Fano complete intersections of dimensions 4 and 5, see §5 below. Note that a classification of four-dimensional weighted Fano complete intersections was already obtained by O. Küchle in [Kü97, Proposition 2.2.1]; his method builds on a classification of weighted homogeneous polarized Calabi-Yau complete intersections, see [Og91, Main Theorem II] . In a way this is closer to the methods that were classically used in a classification of Fano threefolds, but one can hardly expect that it can be easily generalized to higher dimensions.
The plan of the paper is as follows. In §2 we recall some basic properties of weighted complete intersections. In §3 we prove Theorem 1.1. In §4 we explain the (well known) method that can be used to compute Hodge numbers of smooth weighted complete intersections. In §5 we provide a classification of smooth Fano weighted complete intersections of dimensions 4 and 5. Finally, in Appendix A we collect some (nearly elementary) auxiliary material used in §3.
Notation and conventions. All varieties are compact and are defined over the field of complex numbers C. For a bigraded ring R we denote its (p, q)-component by R (p,q) . For a weighted complete intersection X in P(a 0 , . . . , a n ) of multidegree (d 1 , . . . , d c ) the number a i − d j is denoted by I(X).
Smoothness
We recall here some basic properties of weighted complete intersections. We refer the reader to [Do82] and [IF00] for more details. Put P = P(a 0 , . . . , a n ) = ProjC[x 0 , . . . , x n ], where the weight of x i equals a i .
Definition 2.1 (see [IF00, Definition 5.11]). The weighted projective space P is said to be well formed if the greatest common divisor of any n of the weights a i is 1.
Any weighted projective space is isomorphic to a well formed one, see [Do82, 1.3 .1].
Lemma 2.2 (see [IF00, 5.15] ). The singular locus of P is a union of strata
for all subsets J ⊂ {0, . . . , n} such that the greatest common divisor of the weights a j for j ∈ J is greater than 1.
Definition 2.3 (see [IF00, Definition 6.9]). A subvariety X ⊂ P of codimension c is said to be well formed if P is well formed and
The following notion is a replacement of smoothness suitable for subvarieties of weighted projective spaces.
Definition 2.4 (see [IF00, Definition 6.3]). Let p : A n+1 \ {0} → P be the natural projection. A subvariety X ⊂ P is said to be quasi-smooth if p −1 (X) is smooth.
We say that a variety X ⊂ P of codimension c is a weighted complete intersection of multidegree (d 1 , . . . , d c ) if its weighted homogeneous ideal in C[x 0 , . . . , x n ] is generated by a regular sequence of c homogeneous elements of degrees d 1 , . . . , d c . Note that in general a weighted complete intersection is not even locally a complete intersection in the usual sense.
Remark 2.5. It is possible that a weighted complete intersection of a given multidegree in P does not exist, even if c is small. For example, there is no such thing as a hypersurface of degree d < min(a 0 , . . . , a n ) in P, or a weighted complete intersection of multidegree (2, 2) in P(1, 3, 4, 5).
Singularities of quasi-smooth well formed weighted complete intersections can be easily described.
Proposition 2.6 (see [Di86, Proposition 8] ). Let X ⊂ P be a quasi-smooth well formed weighted complete intersection. Then the singular locus of X is the intersection of X with the singular locus of P.
Remark 2.7. Note that the definition of "general position" in [Di86] coincides with our definition of well formedness.
Recall that the weighted complete intersection X is said to be an intersection with a linear cone if one has d j = a i for some i and j.
Remark 2.8. If this condition fails, one can exclude the i-th weighted homogeneous coordinate and think about X as a weighted complete intersection in a weighted projective space of lower dimension, provided that X is general enough, cf. Remark 5.2 below. Note however that in general this new weighted projective space may fail to be well formed, and the new weighted complete intersection may fail to be nice in other ways as well.
It appears that the assumptions that the complete intersection is well formed, quasismooth, and is not an intersection with a linear cone are not always independent. In principle it can allow us to drop some of the assumptions in the rest of the paper, but we will refrain from doing so to keep the assertions more explicit.
Theorem 2.9 (see [IF00, Theorem 6.17]). Suppose that the weighted projective space P is well formed. Then any quasi-smooth complete intersection of dimension at least 3 in P is either an intersection with a linear cone or well formed.
There is the following version of the adjunction formula that holds for quasi-smooth well formed weighted complete intersections.
Lemma 2.10 (see [Do82, Theorem 3.3 .4], [IF00, 6.14]). Let X ⊂ P be a quasi-smooth well formed weighted complete intersection of multidegree
Along with quasi-smooth weighted complete intersections one may consider those weighted complete intersections that are smooth in the usual sense.
Proposition 2.11. Let X ⊂ P be a smooth well formed weighted complete intersection. Then X does not pass through singular points of P.
Proof. Suppose that X contains a singular point P of P. Let U ⊂ P be an affine neighborhood of P , and π :Ũ → U be its natural finite cover (see [IF00, 5.3] ), so thatŨ is isomorphic to an open subset of A n , and π is a quotient by a group Z/rZ for some r > 1. Put V = X ∩U. Let Σ be the singular locus of U. Since X is well formed, the intersection of Σ with V has codimension at least 2 in V . LetṼ be the preimage of V with respect to π, and let π V :Ṽ → V be the corresponding finite cover. ThenṼ is a complete intersection in U. Note also that π V isétale outside of Σ, and thusṼ is smooth in codimension 1. In particular,Ṽ is Cohen-Macaulay, see [Ei95, §18.5] .
Put V o = V \ Σ, and letṼ o be the preimage of V o with respect to π V . Since V is smooth and dim V > 1, there exists a simply connected punctured neighborhood of P in V , and hence there also exists a simply connected punctured neighborhood of P in V o . Thus the morphism π V isétale in some punctured neighborhoodṼ of the point π −1 (P ) inṼ o whose image with respect to π is simply connected. The complex spaceṼ splits into a union of its connected componentsṼ 1 , . . . ,Ṽ r . Thus in a neighborhood of the point π −1 (P ) the varietyṼ splits into a union of its irreducible componentsṼ 1 , . . . ,Ṽ r . The irreducible componentṼ 1 intersects all other irreducible components (in particular) at the point π −1 (P ), so thatṼ is connected. SinceṼ is Cohen-Macaulay, by [Ei95, Theorem 18 .12] there is an irreducible componentṼ k such that the intersection Z =Ṽ 1 ∩Ṽ k has codimension 1 inṼ 1 . The varietyṼ is singular along Z. Since π V isétale at a general point of Z, we conclude that V is singular at a general point of π V (Z), which is a contradiction.
Remark 2.12. A. Kuznetsov pointed out that there is an alternative proof of Proposition 2.11 that is purely algebraic and does not depend on the base field. Namely, in the notation of our proof of Proposition 2.11 the varietyṼ is normal (since it is a locally complete intersection smooth in codimension 1). Since V is smooth by assumption, the branch locus R of π V has codimension 1 in V by the purity of the branch locus, see [Au62, Theorem 1.4]. Now we can obtain a contradiction as above. Still we prefer to keep the original proof of Proposition 2.11, since we believe that it makes the geometric reason explaining why this property holds more evident, and our base field is C anyway.
Remark 2.13. The assertion of Proposition 2.11 fails without the assumption that X is well formed. Indeed, suppose that a 0 = a 1 = 1 and a 2 = . . . = a n = 2; put c = 1 and d 1 = 2. Then X is not well formed, but it is smooth since it is isomorphic to P n−1 . However, it passes through singular points of P. For n = 2 this example gives a line on a usual quadratic cone.
As an application of Proposition 2.11 one can show that being smooth is a stronger condition than being quasi-smooth, provided that we work with well formed weighted complete intersections.
Corollary 2.14. Let X ⊂ P be a smooth well formed weighted complete intersection. Then X is quasi-smooth.
Proof. The morphism p : A n+1 \ {0} → P is a locally trivial C * -bundle over the nonsingular part U of P, while X is contained in U by Proposition 2.11. Hence p is a locally trivial C * -bundle over X, and thus the preimage of X with respect to p is smooth, which means that X itself is quasi-smooth.
Another consequence of Proposition 2.11 is the following result.
Lemma 2.15 (cf. [IF00, 6.12]). Let X ⊂ P be a smooth well formed weighted complete intersection of multidegree (d 1 , . . . , d c ). Then for every k and every choice of k weights a i 1 , . . . , a i k , i 1 < . . . < i k , such that their greatest common divisor δ is greater than 1 there exist k degrees d s 1 , . . . , d s k , s 1 < . . . < s k , such that their greatest common divisor is divisible by δ.
Proof. Choose a positive integer k, and suppose that there are k weights a i 1 , . . . , a i k with i 1 < . . . < i k , such that their greatest common divisor δ is greater than 1. Let t be the number of degrees d j that are divisible by δ. Suppose that t < k. We claim that in this case X is singular. Indeed, let J be the set of indices j such that d j is divisible by δ, and let Λ be the subvariety in P given by equations x j = 0 for j ∈ J. Then for any j ′ ∈ J the polynomial F j ′ does not contain monomials that depend only on x j with j ∈ J. On the other hand, the equations F j = 0 for j ∈ J cut out a non-empty subset of Λ. Since δ > 1, the weighted projective space P is singular along Λ, see Lemma 2.2. This gives a contradiction with Proposition 2.11.
Remark 2.16. The condition provided by Lemma 2.15 is only necessary for the weighted complete intersection X to be smooth, but not sufficient. For example, assume that a 0 = . . . = a r = 1, while 2 < a r+1 . . . a n , and a j are pairwise coprime. Choose d 1 and d 2 so that d 2 is divisible by all a j , and 2 d 1 < a r+1 . Then a general weighted complete intersection X of multidegree (d 1 , d 2 ) in P is not smooth provided that r n − 2; moreover, it is reducible if r = 1, and non-reduced if r = 0. Another way how smoothness may fail is illustrated by an example of a weighted complete intersection X of multidegree (2, 30) in P when a 0 = . . . = a n−2 = 1, a n−1 = 6, and a n = 10; in this case we see that the assertion of Proposition 2.11 does not hold, so that X is singular. See also Lemma 3.1(i) below.
Weight bound
In this section we derive Theorem 1.1 from elementary results of Appendix A. The method we use here is somewhat similar to [CS13, §3] .
Let X ⊂ P = P(a 0 , . . . , a n ), n 2, be a smooth well formed weighted complete intersection of multidegree (d 1 , . . . , d c ) that is not an intersection with a linear cone. We can assume that X is normalized, i.e. that inequalities a 0 . . . a n and d 1 . . . d c hold. Moreover, if c = 0, then one has X ∼ = P ∼ = P n , and there is nothing to prove; therefore, we will always assume that c 1.
We need an auxiliary result that is easy to establish and well known to experts.
Lemma 3.1. Let X ⊂ P = P(a 0 , . . . , a n ), n 2, be a smooth well formed normalized weighted complete intersection of multidegree (d 1 , . . . , d c ) that is not an intersection with a linear cone. Then the following assertions hold.
(
Proof. Assertion (i) is given by [IF00, Lemma 18.14] and holds under a weaker assumption of quasi-smoothness. If a n = 1, then the remaining assertions of the lemma obviously hold, and thus we can assume that a n > 1. Let x 0 , . . . , x n be homogeneous coordinates on P of weights a 0 , . . . , a n , respectively, and let f 1 = . . . = f c = 0 be equations of X in P.
Suppose that d c < 2a n . Then none of f j contains a monomial x r n with non-zero coefficient if r 2. Also, since X is not an intersection with a linear cone, none of f j contains a monomial x n with non-zero coefficient either. Therefore, we see that every f j vanishes at the point P given by x 0 = . . . = x n−1 = 0, so that X passes through P . On the other hand, P is a singular point of P by Lemma 2.2 because a n > 1. Thus Proposition 2.6 implies that X is singular at P , which is a contradiction. This gives assertion (ii).
To prove assertion (iii), choose a prime number p, and denote by ν
p (a 0 , . . . , a n ) the number of the weights a i that are divisible by p r . Similarly, denote by ν 
. This implies that the p-adic valuation of the integer a 0 · . . . · a n does not exceed the p-adic valuation of the integer d 1 · . . . · d c . Since this holds for an arbitrary prime p, we obtain assertion (iii). Now we are ready to prove Theorem 1.1.
Proof of Theorem 1.1. Put N = n+1. Denote A i+1 = a n−i for 0 i n, and 
Then L > 0 provided that X is Fano, and L 0 provided that X is Calabi-Yau. This follows from Lemma 2.10. Suppose that X is a Fano variety. Then N 2c + 1 by [CCC11, Theorem 1.3]. Therefore, Proposition A.11 implies that A 1 N − 1, which can be rewritten as a n n. Now suppose that X is Calabi-Yau. Then a general weighted complete intersection of multidegree d 1 , . . . , d c in P(1, a 0 , . . . , a n ) is a smooth well formed Fano weighted complete intersection that is not an intersection with a linear cone. Thus one has a n n + 1.
Since X is normalized, we obtain similar inequalities for all other weights a i . Finally, the inequalities for the degrees d j follow from the fact that L is positive if X is Fano, and non-negative if X is Calabi-Yau. This completes the proof of Theorem 1.1.
Remark 3.2. The bounds for a n given by Theorem 1.1 are sharp for an infinite set of dimensions. Indeed, if n is odd, a 0 = . . . = a n−2 = 1, a n−1 = 2, and a n = n, then a general hypersurface of weighted degree 2n in P is a smooth well formed Fano weighted complete intersection. Similarly, if n is even, a 0 = . . . = a n−2 = 1, a n−1 = 2, and a n = n + 1, then a general hypersurface of weighted degree 2n + 2 in P is a smooth well formed Calabi-Yau weighted complete intersection.
Although Remark 3.2 shows that the bound for the maximal weight a n given by Theorem 1.1 is more or less sharp, there are stronger bounds for some other weights a i in certain cases.
Lemma 3.3. Let X ⊂ P = P(a 0 , . . . , a n ), n 2, be a smooth well formed normalized weighted complete intersection of multidegree (d 1 , . . . , d c ) that is not an intersection with a linear cone. Suppose that X is Fano. Then for every 1 k dim X one has
Moreover, one has a 0 = a 1 = 1.
Proof. By [CCC11, (2.6)] and Lemma 3.1(iii) one has
Since X is Fano, one has I(X) > 0, so that
Suppose that for some 1 k dim X the inequality
and thus
The latter means that c dim(X) > 1 and gives a contradiction with [CCC11, Theorem 1.3]. Now suppose that a 1 > 1. To avoid a contradiction with [CCC11, Theorem 1.3] one must have a 0 = 1 and a 1 = . . . = a dim(X) = 2, and the inequalities in the above argument must become equalities. In particular, one has dim(X) = c. Moreover, Lemma 2.15 implies that all d j are divisible by 2, and a i for i > dim(X) are not. Now Lemma 3.1(i),(ii) implies that for all 0 k c − 1 one has d c−k 2a n−k , so that
This contradicts the assumption that X is Fano.
Hodge numbers
The idea of description of Hodge numbers for complete intersections in weighted projective spaces as dimensions of graded components of particular (bi)graded rings goes back to [Gr69] , [St77] , [Do82] , [PSt83] ; another approach, due to Hirzebruch, can be found in [SGA7, Exp. XI, Theorem 2.2]. For complete intersections in toric varieties one can look at [BC94] . The way of the computation called the Cayley trick is to relate the Hodge structure of a complete intersection to the Hodge structure of some higher-dimensional hypersurface. We describe this approach following [Ma99] .
Let Y be a simplicial toric variety of dimension n. Let D 1 , . . . , D b be its prime boundary divisors. Denote the group of r-cycles on Y modulo rational equivalence by A r (Y ).
One has Spec (R 0 ) ∼ = A b , and there is a natural correspondence between rays e i of a fan of Y and variables x i . Define a subvariety Z in Spec(R 0 ) as a union of hypersurfaces
We call a polynomial f ∈ R 0 homogeneous if all its monomials are of degree d for some d ∈ A n−1 (Y ). For any homogeneous polynomials f 1 , . . . , f c their common zero set intersected with U is stable under the action of D so they determine a closed subset X in Y .
Consider a ring We will assume that the subvariety X defined by the polynomials f 1 , . . . , f c is quasismooth. Recall from [Ma99, Definition 1.1] that this means that a common zero set of f 1 , . . . , f c inside U is a smooth subvariety of codimension c, cf. Definition 2.4. In this case X has a pure Hodge structure on its cohomology, see [Ma99, §3] . In particular, one can speak about Hodge numbers h p,q (X). Define c k as a number of cones of dimension k in the fan of Y . Put . Let Y be a simplicial toric variety of dimension n.
There is an analog of Lefschetz hyperplane section theorem for complete intersections in simplicial toric varieties, see e.g. [Ma99, Proposition 1.4]. In particular, the only Hodge numbers of such complete intersection X that are not inherited from the ambient toric variety are h p,q (X) with p + q = dim(X). 
In a particular case of complete intersections in a weighted projective space the even cohomology spaces H 2k (Y, C) are one-dimensional, see [Do82, Corollary 2.3.6]. This allows to simplify Theorem 4.2 in this case. Recall that for a weighted complete intersection X in P(a 0 , . . . , a n ) of multidegree (d 1 , . . . , d c ) we denote the number a i − d j by I(X).
Corollary 4.3. Let P = P(a 0 , . . . , a n ) be a well formed weighted projective space, and X ⊂ P be a quasi-smooth weighted complete intersection defined by homogeneous polynomials f 1 , . . . , f c with deg
and for p = n−c 2 one has
Example 4.4. Consider the weighted projective space P = P(1, 1, 1, 1, 1, 1, 3) with weighted homogeneous coordinates x 0 , . . . , x 6 , where the weights of x 0 , . . . , x 5 equal 1, and the weight of x 6 equals 3. Let X be a (general) weighted complete intersection of hypersurfaces of degrees 2 and 6 in P given by polynomials f 1 and f 2 , respectively. Thus F = y 1 f 1 + y 2 f 2 and
One has bideg(x 0 ) = . . . = bideg(x 5 ) = (1, 0), bideg(x 6 ) = (3, 0), bideg(y 1 ) = (−2, 1), bideg(y 2 ) = (−6, 1). One can obtain the following elegant formula for dim H 0 (X, O X (k)). 
.
For a weighted projective space P(a 0 , . . . , a n ) with weighted homogeneous coordinates x 0 , . . . , x n denote by P (r) the dimension of the vector space of (weighted) homogeneous polynomials in x 0 , . . . , x n of (weighted) degree r. Applying Theorem 4.5 together with Lemma 2.10 one gets the following.
Corollary 4.6. Let X be a quasi-smooth well formed weighted complete intersection of multidegree (d 1 , . . . , d c ) in P(a 0 , . . . , a n ). Then
Another approach to compute Hodge numbers for complete intersections in (usual) projective spaces is due to F. Hirzebruch. Define
where |Q| is a number of elements of Q. If F is a formal series in two variables y and z, we denote by F (m) the sum of monomials in F of homogeneous degree m. Remark 4.8. There is a conjectural approach to description of Hodge numbers of Fano varieties via their Landau-Ginzburg models, see [KKP14] . It was verified for del Pezzo surfaces, see [LP16] ; for smooth toric varieties see [Ha16] . Its reformulation in terms of toric Landau-Ginzburg models for one of the Hodge numbers was checked for Picard rank one Fano threefolds (see [Prz13] ) and partially for complete intersections in projective spaces (see [PS15] ).
Dimensions 4 and 5
In this section we provide a classification of smooth well formed Fano weighted complete intersections of dimensions 4 and 5. This is done by a straightforward check using the bounds given by Theorem 1.1 and Lemma 3.3. To simplify conventions, we exclude the projective space (which is a codimension 0 smooth Fano complete intersection in itself) from our lists. Note that at this step we obtain only necessary conditions on the weights and degrees, and in each case one has to check that there actually exists a weighted complete intersection with the corresponding parameters, and that it is smooth. The Hodge numbers are computed using Corollary 4.3, and sometimes Theorem 4.7 when the latter is more convenient to apply. Since the Hodge numbers are constant in smooth families, for these computations it is enough to pick up one example in each of the families. In principle, all this can be done in an arbitrary given dimension.
Let X be a smooth well formed Fano weighted complete intersection of multidegree (d 1 , . . . , d c ) in P = P(a 0 , . . . , a n ) of dimension n − c 3. Important invariants of X are its anticanonical degree (−K X ) dim(X) , the dimension h 0 (−K X ), and the index I(X), which is defined as the maximal number i such that K X is divisible by i in Pic (X). Since dim X 3, the class of the line bundle O P (1)| X is not divisible in Pic (X), see [Ok16b, Remark 4.2]. Therefore, by Lemma 2.10 one has
For the anticanonical degree of X one has
The number h 0 (−K X ) can be computed by Corollary 4.6. We will use the abbreviation where k 0 , . . . , k m will be allowed to be any positive integers. If is some of k i is equal to 1 we drop it for simplicity. Remark 5.2. The numerical data listed in Table 1 does not describe every variety in the corresponding deformation family. For example, a quartic in P 5 can be seen as a complete intersection of bidegree (2, 4) in P(1 6 , 2), that is an intersection with a linear cone. A nongeneral variety of the latter type can be contained in a hypersurface of weighted degree 2 whose equation does not depend on the variable of weight 2; such complete intersections cannot be embedded as quartics in P 5 .
Looking at the anticanonical degrees and dimensions of anticanonical linear systems of varieties from Table 1 Similarly to Remark 5.2, the numerical data listed in Table 2 does not describe every variety in the corresponding deformation family, but only a general one.
Looking at the anticanonical degrees and dimensions of anticanonical linear systems of varieties from Table 2 , we see that varieties from different families are never isomorphic to each other. It would be interesting to study birational geometry of weighted complete intersections from Tables 1 and 2 that are not covered by Remarks 5.3 and 5.4. Also, it would be interesting to study automorphism groups of Fano varieties from Tables 1 and 2, cf. [PrSh16, § A.2]. In particular, it would be interesting to find weighted Fano complete intersections acted on by relatively large automorphism groups, cf. [PS16] .
Using the list of index 1 Fano fivefolds provided in Table 2 together with the same trick as in §3, one can compile a list of smooth well formed Calabi-Yau weighted complete intersections of dimension 4 that are not intersections with linear cones. Namely, if a weighted complete intersection of multidegree d 1 , . . . , d c in P(a 0 , . . . , a n ) is Calabi-Yau, then a general complete intersection of multidegree d 1 , . . . , d c in P (1, a 0 , . . . , a n ) is Fano. For partial classification results concerning Calabi-Yau threefolds see [Og91] , [AESZ05] , [IMOU16] , [IIM16] , and references therein.
The purpose of this section is to prove some bounds on the values of linear functions on special subsets of R m . Let L be a real-valued function on a set Ω. We say that L attains its maximum in Ω if L is bounded and there is a point P in Ω such that L(P ) = sup P ′ ∈Ω L(P ′ ); in this case we also say that L attains its maximum in Ω at P . 
Let Ω ⊂ Ω be a non-empty closed subset. Then the function L attains its maximum in Ω.
Proof. It is enough to prove the assertion for α = 0.
Let M be a real number, and let
be a non-empty closed subset. We claim that L attains its maximum in Ω ′ . Indeed, letP be some point of Ω, and putL = L(P ).
Thus L attains its maximum in Ω ′ if and only if it attains its maximum in the closed subset
containingP . It remains to notice that Ω ′′ is a compact subset of R N +c .
We conclude from the above argument that L attains its maximum in Ω if and only if it attains its maximum in the closed subset
Let P 0 be some point of Ω, and put
Thus L attains its maximum in Ω (1) if and only if it attains its maximum in the closed subset
One has
If A 1 > M, then the right hand side of (A.1) is less than L 0 . Thus L attains its maximum in Ω (2) if and only if it attains its maximum in the closed subset
and we are done by the argument from the beginning of the proof.
Remark A.2. One can easily modify the assertion of Lemma A.1 so that the condition N > c will not be important.
The following theorem will be our main technical tool to find the points where certain functions attain their maximal values. It is well known as the method of Lagrange multipliers, or sometimes the Kuhn-Tusker Theorem.
for some non-negative numbers λ i . Moreover, if for some j one has λ j = 0, then G j (P ) = 0.
To proceed we need to establish some elementary inequalities that will be used in the proof of Proposition A.11.
Lemma A.4. Let l 1 be an integer, and r be a non-negative integer. Let Ω ⊂ R The function L attains its maximum in Ω at some point P . To see this apply Lemma A.1 with c = r + 1, an arbitrary N max{l + 1, c + 1}, and the closed subset defined by conditions
Abusing notation a little bit, we write P = (B, D) and put M = L(P ). If B = 1, then L(B, D) = l − rD − (l + 1) = −rD − 1 < 0. Thus we will assume that B > 1.
If l r, then
Thus we will assume that l > r. Suppose that r = 0. Then B 
which is a contradiction.
Lemma A.5. Let k be a positive integer, l be a non-negative integer, and p be a nonnegative real number such that k+l+p > 2; let r be a non-negative integer. Let Ω ⊂ R Proof. The function L attains its maximum in Ω at some point P . To see this apply Lemma A.1 with c = r + 1, an arbitrary N max{k + l, c + 1}, and the closed subset defined by conditions
Abusing notation, we write P = (A, B, D) and put M = L(P ).
If k = 1, we have B l 2D r , so that
by Lemma A.4. Moreover, if M = 0, then l = 1, r = 0, and B = 2, so M = p + 2 − A and A = p + 2. In particular, condition k + l + p > 2 implies that p > 0. Thus we will assume that k 2. Note that r > 0. Indeed, otherwise one has
by Lemma A.4. Thus we will assume that l > 0.
by Lemma A.4. Thus we will assume that B > 1.
by Lemma A.4. Thus we will assume that A > B. In particular, we have D > B.
2, so that A 2 < k + l + p, a contradiction. Hence r k − 1, and B l 2D r−k+1 . We have
by Lemma A.4. Thus we will assume that D > A. By Theorem A.3 one has
for some non-negative numbers λ 1 and λ 2 . Since l > 0, equation (A.3) implies that
r by Theorem A.3. Finally, since r > 0, equation (A.3) implies that
Lemma A.6. Let k and c be positive integers, and l be a non-negative real number such that k + l > 2. Let Ω be a subset of R 2 with coordinates A, D defined by inequalities
Then L is negative on Ω.
Proof. The function L attains its maximum in Ω at some point P . To see this apply Lemma A.1 with an arbitrary N max{k, c + 1}, and the closed subset defined by conditions
Abusing notation, we write P = (A, D).
In particular, this happens if k < 2c, since k and c are integers.
By Theorem A.3 one has
for some non-negative numbers λ 1 , λ 2 , and λ 3 . Suppose that λ 1 > 0. By Theorem A.3 this means that A k = D c . We can assume that k 2c. Thus D c , which means A = 2 < k + l, a contradiction. Thus, we have k < 2c, which implies the assertion of the lemma.
Lemma A.7. Let k be a positive integer, let l be a non-negative integer such that k+l > 2, and let c be a non-negative integer. Let Ω ⊂ R 
Proof. The function L attains its maximum in Ω at some point P . To see this apply Lemma A.1 with an arbitrary N max{k + l, c + 1}, and the closed subset defined by conditions
Abusing notation, we write P = (A, B, D) and put M = L(P ). Note that c > 0. Indeed, otherwise one has
by Lemma A.6. Thus we will assume that l > 0.
by Lemma A.6. Thus we will assume that A > B.
by Lemma A.6. Thus we will assume that B > 1.
by Lemma A.5. Thus we will assume that D > 2A. By Theorem A.3 one has
for some non-negative numbers λ 1 and λ 2 . Since l > 0, equation (A.5) implies that 
which is a contradiction. . . . u (m) .
Put u −1 = −e 1 , put u 0 = e 1 , put u i = −e i + e i+1 for 1 i m − 1, and put u m = −e m . Choose a subset Λ ⊂ {−1, 0, . . . , m}. Suppose that
for some non-negative number λ and some positive numbers λ i . Then there exist two indices 0 p q m such that u (p+1) = . . . = u (q) and {0, . . . , p − 1} ∪ {q + 1, . . . , m} ⊂ Λ.
Proof. Note that for the vector λu the same assumptions hold as for the vector u itself provided that λ 0. Thus we will replace u by λu and assume that λ = 1. In other words we have a system of equations
. . .
Choose the indices p and q so that
In particular, we put p = q if one has u (p) < 1 < u (p+1) , we put p = q = 0 if 1 < u (1) , and we put p = q = m if u (m) < 1. For 1 < i p we have
so λ 0 > 0. In the same way for j > q we have
so λ j > 0. This exactly gives the assertion of the lemma.
Lemma A.9. Let u ∈ R m be a vector such that 0 u
. . . u (m) .
Put u 0 = −e 1 , and put u i = −e i + e i+1 for 1
for some non-negative number λ and some positive numbers λ i . Then one of the following possibilities occurs:
Suppose that u (m) = −1. Let q be the minimal index such that u (q) = −1. Then, considering equations from the last one to the q-th one by one we have
Moreover, if q > 2, then
which is impossible. Thus either q = 2, so u (1) > −1 and λ 0 > 0, which corresponds to case (i), or q = 1, which corresponds to case (ii). Now suppose that u (m) < −1. Choose the indices 1 p q < m such that
Then for i > q one has
Moreover, for p j q one has
so we also have λ j−1 > 0. If one has λ i > 0 for all 1 i p − 1, then we obtain case (iii). Otherwise take the maximal number s with 1 s p − 1 such that λ s = 0. If s > 1 then
which is impossible. Thus s = 1 and λ 0 > 0, which gives us case (iv). The function L attains its maximum in Ω at some point P ∈ Ω by Lemma A.1. Abusing notation a little bit, we write P = (A 1 , . . . , A N , D 1 , . . . , D c ). If for some 2 i c one has A i = D i , we cancel A i and D i from the inequalities defining Ω and from the definition of L and arrive to the same assertion with a smaller number of parameters. Therefore, we assume that for all 2 i c one has A i < D i (in particular, this is the case when c = 1). Note that after such cancelation the condition N 2c + 1 is preserved.
Denote ) for some k 1, l 1, and p 1. In all cases one has c 1 and N 2c + 1 3.
In case (I) we have L(P ) < 0 provided that A 1 N; to see this apply Lemma A.7. In case (II) we have L(P ) < 0 provided that A 1 N; to see this apply Lemma A.5 with r = c − 1 and p = 0. Finally, in case (III) we have L(P ) 0 provided that A 1 N; to see this apply Lemma A.5 with r = c − 1.
